Both the tangent modulus theory and the double modulus theory are classical theories which can be applied to the elastic-plastic stability analysis of columns. In the traditional tangent modulus theory, numerous iterations are required to calculate the critical buckling stress and this makes the method very time-consuming. In this paper, an explicit formula for establishing a direct correlation between the critical stress and the Euler stress has been proposed to reduce trial calculations. This formula can be applied to spherical shells by simplifying their stiffened plates to the form of beams on elastic foundations. The explicit expressions of both modulus theories can be used to calculate the ultimate strength of a spherical shell under pressure. The results from the proposed expression are compared with experimental results and other numerical results.
Introduction
The Euler formula, which was formed to study the elastic stability of a compression bar [1] , has been widely applied to various types of structures under pressure. For a long time, it had been believed that that formula was not only applicable to a slender bar but also to a short column. In the nineteenth century, some experiments showed that it was dangerous to apply the Euler formula to a short column; additionally, it was shown that that formula could be applied in the elastic stage. When buckling or critical stress is beyond the proportional limit, the material nonlinearity should be considered. This phenomenon is named elasto-plastic buckling. Engesser presented the tangent modulus theory which suggested varying the deformation modulus to replace the elastic modulus of the Euler formula [2] . There were different stress-strain relationships because compressive stress increases in concave and reduces in convex structures when the structure is slightly bending. To tackle this problem, Considère extended the concept of double modulus in 1891. Later, Engesser proposed the double modulus theory and suggested the use of the converted modulus to calculate buckling loads [3] . This converted modulus is related to the tangent modulus and the double modulus.
In order to use the modulus theory, it is necessary to establish a formula for the stressstrain curve, such as the Ramberg-Osgood relational expression [17, 18] , three parameter solution ( E , 0.7  , 0.8  ) [19] , and so on. In this paper, a power function is used to describe the stress-strain curve
where A, B, c, and m are four constants which can represent the nonlinear properties of the material. The values of A, B, c, and m are obtained from eigenvalue analysis using the method of least squares. In the linear region, they are: A0, B1, cm1. Eq. (5) can be also written as:
 and  are dimensionless parameters.
The following formula can be used to describe the stress of limit equilibrium state.
where
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From the stress-strain curve, the dimensionless tangent modulus t E can be derived as follows: Figure 1 shows two types of dimensionless stress-strain curves, where the curve ( )
can be applied to an ideal elastic body and the curve ( )   represents the actual stress-strain relationship which considers the nonlinearity of the material. Fig. 1 The stress-strain (  ) curve and the tangent modulus strain ( t
For the curve ( )
A Study on the Explicit Expression of Z. Xiong, P. Luo, X. Yu Critical Stress and Euler Stress and its Application If the point Q is the limit point, the tangential line may be mathematically expressed as:
It can be easily re-written as:
3.2 The tangent modulus
As shown in Fig.2 , it is easy to derive the formula for the tangent strain.
where d d
is the increment in the value of strain energy density W. Energy density is an important characteristic parameter of equilibrium states. From Eq. (24), the parameter t  is the derivative of strain energy density, which corresponds to the strain energy density. It is also shown that t  is another parameter characterizing the status of equilibrium. Namely, the essence of the tangent modulus theory is the equality of tangent strain among different conditions, including the actual condition with the nonlinear or perfect elastic state; the tangent strain t  can be considered as a standard of the structure buckling failure.
3.3 A newly-proposed expression for the critical stress and the Euler stress From Fig.1 , one can see that the point Q' corresponds to a special case in which the Euler load is also the critical load of the structure. Therefore, the strain t  will be equal to t  .
From the stress-strain curve ( )
From Eq. (25) and (22), one can derive
The formulas of classical stability theory used to calculate the elasto-plastic critical stress are as follows: The line formula [20] :
The parabola formula [21] :
The Johnson-Ostenfeld formula [22] on plasticity correction:
Reconsider the format of Eq. (27)- (29) from which a formula in a more general form can be proposed as follows:
Based on the above equations, a five-parameter formula can be used to describe the stress of limit equilibrium state:
where  and n represent the state parameter of the ideal material and the synthesis factor, respectively.  corresponds to the Euler stress, which is the linear failure stress, and n represents all types of influential factors, such as initial deflection and residual stress. If a structure is perfect, the factor of material nonlinearity is only considered with the value of n taken as 1.
Formulas for beams on elastic foundations: a spherical shell
According to the methodology and procedures mentioned above, it is possible to solve the elastic-plastic stability of structures under pressure, including bars, stiffened plates, and panels.
The limit state of a beam on an elastic foundation
The bending equation for a beam on an elastic foundation, as shown in Fig.3 , can be derived as follows [23] :
A Study on the Explicit Expression of Z. Xiong, P. Luo, X. Yu Critical Stress and Euler Stress and its Application Spherical and cylindrical shells, such as deep sea vehicles and submarines, are common structures in ocean engineering. Bending deformation of a stiffened cylindrical shell under hydraulic pressure can be replaced by a strip shell which is shown in Fig.4 . The radial component of stresses y  on both sides of the strip can produce a combined load q y in the opposite direction of the deflection w. Therefore, the loads q y can be added to Eq. (33) and the equilibrium equation takes the following form: If a spherical shell buckles under uniform pressure, the buckling area is a spherical crown with a circular boundary as shown in Fig.5 . The buckling area is symmetrical about the axis of the sphere [24, 25] , as shown in Fig.5 . Assuming a symmetric failure, we can simplify the equilibrium equation of a spherical shell to the form of the equilibrium equation of a beam on an elastic foundation. Compared with a cylindrical shell, the strip of a spherical crown is a ring. Therefore, the strip of the spherical shell can be considered as the strip of the cylindrical shell with initial deflection. Similar to the cylinder, as shown in Fig. 4(c) , the radial component of y  can produce q y and x  can produce q x , as shown in Fig. 5(c) .
If a beam has an initial deflection w 0 , the equation of equilibrium similar to that for beams on elastic foundations can be written as [26] :
The ring area taken from the spherical shell can be simplified to a beam with a small deflection. The curvature of the initial deflection of the beam is 1/R. From the above derivations, it is shown that the tangent modulus theory and the double modulus theory can be applied to a cylindrical shell and a spherical shell to calculate their elasto-plastic buckling stress.
Case Study
In this paper, a spherical shell is selected to show how to calculate its critical stress. 
Nonlinear characteristics of the material
In a similar way, the formula based on the double modulus theory can be expressed as:
The results from Eq. (36) and (37) are in very good agreement with the data from both modulus theories. The Euler stress for calculating the stability of a spherical structure can be obtained as follows [27, 28] :
Usually the factor n corresponds to the initial shape and the failure feature of the structure. In this example, n can be taken as 1 by assuming that the spherical shell is in a perfect state. By applying the classical expressions for elastic buckling from Eq. (31) and (39) to Eq. (38), the inelastic buckling stress formula can be established as follows:
Comparison between the results calculated from both modulus theories and experimental data
Since the failure of the spherical structure is within the range of inelastic buckling, the inelastic buckling stress and the corresponding buckling pressures can be easily estimated from Eq. (38) and (39).
In order to verify the accuracy of the explicit expression presented in this paper, experimental results of models no. 1 and 2 from Pan et al. [29] and the MT-1 model from Yokota and Murata [30] are compared. The parameters mentioned in this paper are summarized in Table 1 . Table 2 shows that the results from the tangent modulus theory are more consistent with the experimental data. In the inelastic column theory [6] , the critical loads should be between the results from the tangent modulus and double modulus theories. The tangent theory result is considered as the lower limit and the double modulus theory result is considered as the upper limit. For further verification, these results will be compared with the Finite Element method (FEM) results from [31] shown in Fig.8. As shown by Fig.8 , the relative discrepancy between both modulus theories and FEM is about 7%. This means that both modulus theories can produce reasonable results for thin-walled structures. However, such discrepancy may become greater with an increase in the value of t/R and it may amount to more than 11%. This may also indicate the limit of both modulus theories. In other words, both theories may be inappropriate for thick structures. Fig. 8 Critical loads from the current methods and the finite element method [31] 5.4 Comparison between the experimental and calculated results for a spherical shell made of 304 stainless steel Firstly, the stress-strain curve of 304 stainless steel [31] can be expressed as 4.123 0.1( 1)
Secondly, expressions relating to the two modulus theories can be derived. Based on the tangent modulus theory, the expression is as follows: 
The final calculation results and the comparison with the experiment are shown in Table 3 .
A Study on the Explicit Expression of Z. Xiong, P. Luo, X. Yu Critical Stress and Euler Stress and its Application From Table 3 , it can be concluded that the results calculated by the expression from the tangent modulus theory are more accurate than those from the double modulus theory. The results are consistent with the findings from Shanley's theory [6] . According to this theory, the critical load is between the values from the tangent modulus theory (the lower limit) and from the double modulus theory (the upper limit/ asymptotic limit).However, in reality, the buckling load value may be closer to that from the tangent modulus theory because some defects should be considered in calculations, e.g. manufacturing defects and geometric inaccuracies. Compared to the result of FEA, the tangent modulus theory result differs by 10% at the maximum. However, in the case of the double modulus theory result, the maximum difference is above 30%. This indicates that an optimized n may be needed to get more accurate results for the double modulus theory.
Conclusions
In this paper, an explicit expression for correlating the critical stress and the Euler stress has been proposed. The synthesis factor n introduced in the newly-developed formula is used to reflect imperfection. This formula is further applied to the calculation of buckling loads of stiffened plates in a spherical shell, based on the tangent modulus and the double modulus theory. It is found that there is a 10% difference between the results from the tangent modulus theory and the experimental results. In addition, it is found that the double modulus theory may result in a bigger discrepancy than the tangent modulus theory. The maximum discrepancy is more than 20%.
Overall, both the tangent modulus theory and the double modulus theory can be used to calculate the ultimate strength of a cylindrical shell or a spherical shell by means of this explicit formula. Different materials correspond to different parameters A, B, c, and m. It is evident that the inclusion of these parameters in this explicit formula can improve the accuracy when calculating the critical stress. 
